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In this paper we study a modified version of unimodular general relativity in the context of f(G),
G denoting the Gauss-Bonnet invariant. We attach attention to Bianchi-type I and Friendmann-
Robertson-Walker universes and search for unimodular f(G) models according to the de Sitter and
power-law solutions. Assuming unimodular f(G) gravity as perfect fluid and making use of the
slow-roll parameters, inflationary model has been reconstructed in concordance with the Planck
observational data. Moreover, we investigate the realization of the bounce and loop quantum cos-
mological ekpyrotic paradigms. Assuming suitable and appropriated scale factors, unimodular f(G)
models able to reproduce superbounce and ekpyrotic scenarios have been reconstructed.
PACS numbers: 98.80.-k, 04.50.Kd, 98.80.Cq
I. INTRODUCTION
It is well known nowadays that interest in attached to gravity theories derived from Lagrangians extended beyond
the General Relativity (GR). The first step of this is introducing the cosmological constant, originating from the
vacuum expectation value of quantum field [1, 2]. However there is no intrinsic mechanism in theory that can
dynamically induce the cosmological constant [3, 4]. On the other hand, unimodular gravity [5]-[29] is an interesting
gravitational theory that can be considered as a specific case of the GR, and in which the cosmological constant
appears as the trace-free part of the gravitational field equations, fixing the determinant of the metric tensor as a
number or a function[2, 4]. In other-word it would be more appropriate to state that unimodular gravity, in a way,
can offer a proposal to solve cosmological problem. It is important to mention that in the context of unimodular
gravity the problem of late-time acceleration of the universe can be developed, where the metric can be decomposed
in the unimodular metric part and a scalar field part[23]-[25]. Instead of considering GR, different kinds of modified
gravity based on the curvature scalar have been performed in the recent years, as f(R) [30]-[33] where R is the
curvature scalar, the f(R, T ), T being the trace of the energy-momentum tensor [34]-[37], and f(G), G denoting the
Gauss-Bonnet (GB) invariant [38]-[52].
In this paper we focus our attention to the f(G) and the purpose here is to realize some cosmological evolutions
with specific and realistic Hubble rate, and investigate which unimodular f(G) model can yield such cosmological
evolutions of the universe. We fundamentally adopt two kinds of metric in this paper; the Bianchi type-I (BI) metric
and the Friedman-Robertson-Walker (FRW). It is obvious that for both metrics there is no compatibility with the
unimodular constraint, and so, we fix suitably the metrics in order to satisfy this constraint. With the BI metric
we search for f(G) models able to reproduce inflation through the de Sitter and power-law form of the scale factor.
Through the use of the FRW metric, we still search for f(G) models that can state the inflation. As we are leading
with inflationary models we find important to formulate the related-observables, as the spectral index, the tensor-to-
tensor ratio and the running of the spectral index. By considering f(G) model coming from power-law solutions of
the scale factor, with non specified integration constants in the perfect fluid description, we determine the slow-roll
indice and confront them with the observational recent Planck [53, 54] in order to suitably calculate the constants,
and then obtaining the effective unimodular f(G) model able to realize the inflationary epoch of our universe.
An alternative to the standard description of the acceleration of inflation is provided by bouncing cosmologies
[94, 95], in which the appearance of the initial singularity is prevented. This feature can be represented by the
use of scalar fields [94]-[68], by the models of modified gravity [69]-[81], and also by the use of the Loop Quantum
Cosmology (LQC) [82]-[90]. In the general case, the realization of the bounce is related to the coupling of matter
fields with an equation of state in order to violate the null energy condition [94]-[97]. Bouncing cosmologies have been
developed in several works [91]-[93, 98], but essentially, it has been shown that bouncing cosmologies may present
primordial instabilities [59, 60], that can be solved by the ekpyrotic scenario. In this paper we also attach attention
to the superbounce and the LQC ekpyrotic scenarios in the context of unimodular f(G) gravity by reconstructing
the suitable model characteristic of each scenario. This kind of work has been performed in [98], but not in the
unimodular context. For other reviews about bouncing cosmologies see [99, 100] for f(R) theory, [101]-[102, 104, 105]
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2for f(G) theory and [106]-[131] for f(T ) theory, where T denotes the torsion scalar.
The manuscript is organized as follows: in Sec.II we present the general description of unimodular gravity. The
Sec.III is devoted to the formalism of f(G) and unimodular equations of motion. The reconstruction of f(G) gravity in
inhomogeneous universe is performed in Sec.IV, for both de Sitter solutions in Subsec.IVA and power-law solutions in
Subsec.IVB. In the FRW metric context, the reconstruction of unimodular f(G) models have been developed within
the de Sitter solutions in Subsec.VA and power-law solutions in Subsec.VB, and this later has been achieved according
to Planck results in Sec.VI finding the integration constants accordingly. The ekpyrotyc scenario reconstruction and
superbounce reconstruction from unimodular f(G) gravity have been performed in the Sec.VII. We present our
conclusion in Sec.VIII.
II. GENERAL DESCRIPTION OF UNIMODULAR GRAVITY
In this section we point out the generalization of the GR gravity formalism in order to provide the unimodular
f(G) gravity formalism. The unimodular gravity approach is based on the assumption that the determinant of the
metric tensor is fixed, expressed by the relation gµνδg
µν = 0. Throughout this paper the components of the metric is
chosen such a way so that [2]
√−g = 1 (1)
Let us start our study by using the Bianchi type-I metric, from which the usual and practical FRW metric can be
recovered, as
ds2 = dt2 −A(t)2dx2 −B(t)2dy2 − C(t)2dz2 (2)
It is easy to check that the unimodular constraint, expressed by the Eq. (1) is not satisfied by the Bianchi-type I
metric (2). In order to reach this condition we need to redefine the cosmic time coordinate as follows
dτ = A(t)B(t)C(t)dt, (3)
such a way that the metric (2) becomes
ds2 = [A(t(τ))B(t(τ))C(t(τ))]
−2
dτ2 −A(t(τ))2dx2 −B(t(τ))2dy2 − C(t(τ))2dz2. (4)
This metric obviously satisfies the constraint (1) and we shall refer to this later as the unimodular Bianchi-type I
metric from which the FRW metric can be recovered.
III. FORMALISM OF f(G) GRAVITY AND UNIMODULAR EQUATIONS OF MOTION
Let us introduce the general R+ f(G) action as follows
S =
1
2κ
∫
d4x
√−g [R+ f(G)] + Sm, (5)
where R represents the Ricci scalar, and the modification function f(G) corresponds to a generic globally differentiable
Gauss-Bonnet topological invariant G function. The matter action Sm is the one which induces the energy momentum
tensor Tµν . We focus our attention on the metric formalism where the variation of the action (5) with respect to the
metric tensor yields within the minimum principle the following general equation of motion [38]
Rµν − 1
2
Rgµν + 8
[
Rµρνσ +Rρνgσµ −Rρσgνµ −Rµνgσρ + Rµσgνρ
+
1
2
R (gµνgσρ − gµσgνρ)
]
∇ρ∇σfG + (GfG − f) gµν = κTµν . (6)
Here fG =
df(G)
dG , and the Gauss-Bonnet term is defined by G = R
2−RµνRµν+RµνλσRµνλσ, Rµν and Rµνλσ being the
Ricci tensor and Riemann tensor, respectively. We also point out some adopted definitions as follows: the signature
of the Riemannian metric is (+−−−), ∇µVν = ∂µVν −ΓλµνVλ and Rσµνρ = ∂νΓσµρ− ∂ρΓσµν +ΓωµρΓσων for the covariant
3derivative of a covariant vector and the Riemann tensor, respectively. Making use of the metric (4) the equations of
field read
−24A3A′B3B′C3C′f ′G +
(
8A3A′B3B′C3C′′ + 24A3A′B3B′C2C′2 + 8A3A′B3B′′C3C′
+24A3A′B2B′2C3C′ + 8A3A′′B3B′C3C′ + 24A2A′2B3B′C3C′
)
fG
+A2BB′CC′ +AA′B2CC′ +AA′BB′C2 − f = 8πρ (7)
8A4B3B′C3C′f ′′G +
(
8A4B3B′C3C′′ + 24A4B3B′C2C′2 + 8A4B3B′′C3C′ + 24A4B2B′2C3C′
+24A3A′B3B′C3C′
)
f ′G +
(
− 8A3A′B3B′C3C′′ − 24A3A′B3B′C2C′2 − 8A3A′B3B′′C3C
′ − 24A3A′B2B′2C3C′ − 8A3A′′B3B′C3C′ − 24A2A′2B3B′C3C′
)
fG −A2B2CC′′ −A2B2C′2
−3A2BB′CC′ −AA′B2CC′ −A2BB′′C2 −A2B′2C2 −AA′BB′C2 + f = 8πpr (8)
8A3A′B4C3C′f ′′G +
(
8A3A′B4C3C′′ + 24A3A′B4C2C′2 + 24A3A′B3B′C3C′ + 8A3A′′B4C3C′
24A2A′2B4C3C′
)
f ′G +
(
−A3A′B3B′C3C′′ − 24A3A′B3B′C2C′2 − 8A3A′B3B′′C3C′ − 24A3A′B2B′2C3C′
−8A3A′′B3B′C3C′ − 24A2A′2B3B′C3C′
)
fG −A2B2CC′′ −A2B2C′2 −A2BB′CC′
−3AA′B2CC′ −AA′BB′C2 −AA′′B2C2 −A′2B2C2 + f = 8πpt (9)
8A3A′B3B′C4f ′′G +
(
24A3A′B3B′C3C′ + 8A3A′B3B′′C4 + 24A3A′B2B′2C4 + 8A3A′′B3B′C4
+24A2A′2B3B′C4
)
f ′G +
(
− 8A3A′B3B′C3C′′ − 24A3A′B3B′C2C′2 − 8A3A′B3B′′C3C′ − 24A3A′B2B′2C3C′
−8A3A′′B3B′C3C − 24A2A′2B3B′C3C′
)
fG −A2BB′CC′ −AA′B2CC′ −A2BB′′C2
−A2B′2C2 − 3AA′BB′C2 −AA′′B2C2 −A′2B2C2 + f = 8πpt,(10)
where we undertook the matter content as an anisotropic fluid described by the following energy-momentum tensor
Tµν = (ρ+ pt) uµuν − ptgµν + (pr − pt) vµvµ, (11)
with ρ being the energy density, uµ the 4-velocity and vµ the space-like vector in the radial direction; pr (the radial
pressure) is the pressure in the direction of vµ and pt (the tangential pressure) the pressure in the direction orthogonal
to vµ. Due to the fact of considering an anisotropic spherically symmetric matter one has pr 6= pt (their equality
corresponds to an isotropic spherically symmetric matter).
IV. RECONSTRUCTING f(G) GRAVITY IN INHOMOGENEOUS UNIVERSE
In this section we search for the f(G) action through the reconstruction scheme for some particular solution of the
class of the metric explored in the previous section. We will just consider the de Sitter and power-law solutions. In a
general case, using (4) and (11) the conservation equation for the energy-momentum tensor can easily be obtained by
ρ˙+ (Hx +Hy +Hz) ρ+Hxpr + (Hy +Hz) pt = 0 (12)
4where the following definitions have been made Hx =
A˙
A , Hy =
B˙
B and Hz =
C˙
C
A. Searching for de Sitter solutions
The de Sitter solutions are ones of the well known in the context of the cosmology due to the fact that they may
approximately describe the early and current epochs of the universe where its expansion is accelerated. Here, for
the three directions the scale factors present an exponential expansion yielding constant Hubble parameters in each
direction. Then we assume the scale factors as follows
A = A0e
Hx0t, B = B0e
Hy0t, C = C0e
Hz0t, (13)
where , Hx0, Hy0 and Hz0 are positive constants expressing the instantaneous rates of the expansion at t = 0. By
simple derivations one can see that the rates of the expansion for each directions read
Hx =
A˙
A
= Hx0, Hy =
B˙
B
= Hy0, Hx =
C˙
C
= Hz0 . (14)
Then, in the context of the cosmic time t the Gauss Bonnet invariant reads
G =
8
ABC
(
A˙B˙C¨ + A˙B¨C˙ + A¨B˙C˙
)
(15)
= 8Hx0Hy0Hz0 (Hx0 +Hy0 +Hz0) (16)
and the field equations become
8Hx0Hy0Hz0 (Hx0 +Hy0 +Hz0) fG +Hx0Hy0 +Hx0Hz0 +Hy0Hz0 − f = 8πρ (17)
−8Hx0Hy0Hz0 (Hx0 +Hy0 +Hz0) fG −H2z0 −Hy0Hz0 −H2y0 + f = 8πpr (18)
−8Hx0Hy0Hz0 (Hx0 +Hy0 +Hz0) fG −H2z0 −Hx0Hz0 −H2x0 + f = 8πpt (19)
−8Hx0Hy0Hz0 (Hx0 +Hy0 +Hz0) fG −H2y0 −Hx0Hy0 −H2x0 + f = 8πpt (20)
Since we are leading with de Sitter solutions, by assuming pr = pt = p, one has p = −ρ, and the combination of any
two of the field equations yields
G
df(G)
dG
− f(G) +K = 0 , (21)
where K is a constant depending on Hx0, Hy0 and Hz0. The general solution of the equation (21) reads
f(G) = αG+K, (22)
where K is an integration constant. Making use of (3) and (13) the expressions of the scale factors can written as
A[t(τ)] =
(
Hx0 +Hy0 +Hz0
B0C0
τ
) Hx0
Hx0+Hy0+Hz0
(23)
B[t(τ)] =
(
Hx0 +Hy0 +Hz0
A0C0
τ
) Hy0
Hx0+Hy0+Hz0
(24)
A[t(τ)] =
(
Hx0 +Hy0 +Hz0
A0B0
τ
) Hz0
Hx0+Hy0+Hz0
, (25)
such that the metric (4) in the unimodular context becomes
ds2 = Qτ−2dτ2 −Q1τq1dx2 −Q2τq2dy2 −Q3τq3dz2 (26)
with
Q = (Hx0 +Hy0 +Hz0)
−2
(B0C0)
q1 (A0C0)
q2 (A0B0)
q3 (27)
Q1 = A
2
0
(
Hx0 +Hy0 +Hz0
A0B0C0
)q1
, q1 =
2Hx0
Hx0 +Hy0 +Hz0
(28)
Q2 = B
2
0
(
Hx0 +Hy0 +Hz0
A0B0C0
)q2
, q2 =
2Hy0
Hx0 +Hy0 +Hz0
(29)
Q3 = C
2
0
(
Hx0 +Hy0 +Hz0
A0B0C0
)q3
, q3 =
2Hz0
Hx0 +Hy0 +Hz0
(30)
5B. Power-law solutions
In this subsection we devote our attention to the cosmological evolution described by a power-law functions of
cosmic time in each direction of the space. We assume the following expressions for the scale factors in terms of
cosmic time as
A(t) = A0t
a , B(t) = B0t
b , C(t) = C0t
c , (31)
where a, b, c and A0, B0, C0 are constants that should be determined from the initial conditions. In this case the rate
of the expansion for each direction is given by
Hx =
a
t
, Hy =
b
t
, Hz =
c
t
(32)
and the expression of Gauss-Bonnet invariant in the context of cosmic time reads
G =
8 a b c2
t4
+
8 a b2 c
t4
+
8 a2 b c
t4
− 24 a b c
t4
. (33)
Then the fields equations take the following forms
GfG +
b c
t2
+
a c
t2
+
a b
t2
− f = 8 π ρ (34)
−GfG − (c− 1) c
t2
− b c
t2
− (b− 1) b
t2
+ f = 8 π pr (35)
−GfG − (c− 1) c
t2
− a c
t2
− (a− 1) a
t2
+ f = 8 π pt (36)
−GfG − (b− 1) b
t2
− a b
t2
− (a− 1) a
t2
+ f = 8 π pt (37)
Here we also assume for simplicity that pr = pt = p = ωρ, ω being the parameter of the equation of state. Considering
the first two field equations one gets
G (1 + 8πω) fG − (1 + 8πω) f + (K2 + 8πωK1) 1
t2
= 0 (38)
with K1 = b c+ a c + a b and K2 = −(c− 1) c − b c− (b− 1) b. By making use of (33) the previous equations takes
the following form
GfG − f +KG1/2 = 0 (39)
where
K = K2 + 8πωK1
(1 + 8πω) (8 a b c2 + 8 a b2 c+ 8 a2 b c− 24 a b c)1/2
. (40)
The general solution of the previous equation reads
f(G) = 2K
√
G+ βG (41)
with β a positive constant to be determined using the cosmological data. In this case the metric (4) in the unimodular
context becomes
ds2 = Qτrdτ2 −Q1τr1dx2 −Q2τr2dy2 −Q3τr3dz2 (42)
where
Q = 1
(A0B0C0)2
(
a+B + C + 1
A0B0C0
)r
, r = −2 a+ b+ c
a+ b+ c+ 1
, Q1 = A20
(
a+B + C + 1
A0B0C0
)r1
(43)
r1 =
2a
a+ b+ c+ 1
, Q2 = B20
(
a+B + C + 1
A0B0C0
)r2
, r2 =
2b
a+ b+ c+ 1
(44)
Q3 = C20
(
a+B + C + 1
A0B0C0
)r3
, r3 =
2c
a+ b+ c+ 1
(45)
6V. LAGRANGE MULTIPLIER FORMULATION AND RECONSTRUCTION OF UNIMODULAR f(G)
GRAVITY
In this section we will present the Lagrange multiplier formulation of f(G) gravity, according to the method
performed in context of f(R) in [132]. This procedure is just used to ensure that the unimodular condition is
satisfied. To do so, we introduce the Lagrangian multiplier λ and the unimodular f(G) gravity with matter can be
expressed as
Sλ =
∫
d4x
{√−g [R+ f(G)
2κ2
− λ
]
+ λ
}
(46)
From now we will assume the FRW metric and consider the matter energy-momentum tensor as corresponding to a
perfect fluid with the energy density and pressure ρ and p, respectively. Thereby, the GB invariant expressions in
terms of t and τ read
G = 24
A˙2A¨
A3
(47)
= 24A9A′2A′′ + 72A8A′4 = 24A12
(H2H′ + 4H4) (48)
where the parameterH ≡ 1A(τ) dA(τ)dτ is the relative Hubble parameter in this context. Hence the field equations become
−24A12H3f ′G + 24A12
(H2H′ + 4H4) fG + 3A6H2 − (f − λ)− ρ = 0 (49)
8A12H2f ′′G +
(
16A12HH′ + 88A12H3) f ′G − 24A12 (H2H′ + 4H4) fG −A6 (2H′ + 9H2)+ (f − λ)− p = 0. (50)
By directly summing the equations (49) and (85), the term (f − λ) is eliminated giving rise to the following equations
8A12H2f ′′G + 16A12
(HH′ + 4H3) f ′G − 2A6 (H′ + 3H2)− ρ− p = 0. (51)
In order to perform a consistent analysis, it is important to make use of the continuity equation for the matter, namely
ρ′ + 3H (ρ+ p) = 0 (52)
Let us adopt the equation of state p = wρ. Thus solving the previous equation, one gets
ρ(τ) = ρ0 exp
{
−3 (1 + ω)
∫ τ
0
H(ζ)dζ
}
= ρ0A(τ)
−3(1+w) (53)
Now, in order to obtain cosmological f(G) models in the unimodular context, one just need an suitable expression of
the scale depending on τ , solving the equation (51).
A. Reconstruction of unimodular f(G) model describing de Sitter Universe
In this subsection we consider the FRW metric that describes a de Sitter expanding universe with the scale factor
reading
A(t) = eH0t, (54)
where H0 is an arbitrary positive constant. By using the relation (3), setting B = C = A, one can extract the t in
terms of τ as
t =
1
3H0
ln (3H0τ), (55)
such that the scale factor in terms of the τ reads
A(t(τ)) = (3H0τ)
1/3
(56)
In this case, leading with de Sitter universe, ω = −1 and the differential equation (51) becomes
3τ
d2fG(τ)
dτ2
+ 2
dfG(τ)
dτ
= 0, (57)
7whose general solutions is
fG(τ) = 3C1τ1/3 + C2 (58)
where C1 and C2 are integration constants. On the other hand, one can expression the GB invariant (48) in terms of
τ as
G(τ) = 24H0 (59)
which obviously is a constant. The task to be done now is to inverse the function G(τ) in order to obtain τ = τ(G),
but since G(τ) = Const it is commode to fix C1 = 0, such that fG = df(G)/dG = C2, whose general solution takes
the following form
f(G) = C2G+ C3 (60)
This result is consistent with the one obtained in (22), confusing (α,K) with (C1, C3), characteristic of the de Sitter
Universe.
B. Reconstruction of unimodular f(G) model according to power-law solution
In this case we assume the scale factor in terms of the cosmic time as
A(t) = A0
(
t
t0
)q
(61)
where t0 and A0 are the initial time and the initial value of the scale factor, respectively. According to the relation
dτ = A(t)3dt one gets
A(t(τ)) =
(
τ
τ0
)σ
, σ =
q
1 + 3q
τ0 =
t0
A
1/q
0 (1 + 3q)
(62)
It is easy to see that for σ = 1/3, the de Sitter universe is recovered, while the power-law inflation is obtained for
q > 1 (1/4 < σ < 1/3). The accelerated expansion is realized for 0 < q ≤ 1 (0 < σ ≤ 1/4), where inflation is possible.
The GB invariant in this case is
G = 24σ3
(
4σ − 1
τ4
)(
τ
τ0
)12σ
(63)
Thus the differential equation (51) becomes
J01f
′′
G + J02f
′
G + (J03 + J04) = 0. (64)
with
J01(τ) =
8σ2
τ2
(
τ
τ0
)12σ
, J02(τ) =
16σ2(4σ − 1)
τ3
(
τ
τ0
)12σ
J03(τ) = −2σ(3σ − 1)
τ2
(
τ
τ0
)6σ
, J04(τ) = −(1 + w)ρ0
(
τ
τ0
)
−3σ(1+w)
(65)
The previous equation can be rewritten by dividing whole equation by J01 6= 0, as
f ′′G + J1f
′
G + J2 = 0. (66)
where
J1(τ) =
1− 3σ
τ
, J2(τ) =
1− 3σ
4σ
(
τ
τ0
)
−6σ
+
ρ0(1 + w)τ
2
8σ2
(
τ
τ0
)
−3σ(5+w)
(67)
whose general solution reads
fG(τ) =
τ2
(
τ
τ0
)
−6σ
8σ(1− 2σ) +
ρ0(1 + w)τ
4
(
τ
τ0
)
−3σ(5+w)
8σ2 [4− 3(5 + w)σ] [−1 + (7 + 3w)σ] +K1
τ3−8σ
3− 8σ +K2, (68)
8K1 and K2, being integration constants. From the relation (63), one can express τ and ττ0 in terms of G as
τ = χ1G
1
4(3σ−1) ,
τ
τ0
= χ2G
1
4(3σ−1) χ1 =
[
τ12σ0
24σ3(4σ − 1)
] 1
4(3σ−1)
, χ2 =
[
τ40
24σ3(4σ − 1)
] 1
4(3σ−1)
. (69)
Hence, the expression (68) can now be written in terms of G as
fG(G) =
χ21χ
−6σ
2
8σ(1− 2σ)G
−
1
2 +
ρ0(1 + w)χ
4
1χ
−3σ(5+w)
2
8σ2 [4− 3(5 + w)σ] [−1 + (7 + 3w)σ]G
4−3σ(5+w)
4(3σ−1) +
K1χ3−8σ1
3− 8σ G
3−8σ
4(3σ−1) +K2. (70)
By integrating the expression in the right hand side of the (70) with respect to G, one gets
f(G) =
χ21χ
−6σ
2 G
1
2
4σ(1− 2σ) +
ρ0(1 − 3σ)χ41χ−3σ(5+w)2 G
3σ(1+w)
4(1−3σ)
6σ3 [4− 3(5 + w)σ] [−1 + (7 + 3w)σ] +
4K1(3σ − 1)χ3−8σ1 G
4σ−1
4(3σ−1)
(4σ − 1)(3− 8σ) +K2G+K3. (71)
VI. UNIMODULAR INFLATIONARY COSMOLOGICAL f(G) MODEL
In the previous section we performed the reconstruction of the specific f(G) form that generates scale-factor evolu-
tion. The obtained model will be explored in the present section to investigate inflation realization in unimodular f(G)
gravity. Moreover, we will focus our attention on investigation of inflationary observables such as scalar and tensor
spectral indices, the tensor-to-tensor ratio and the running spectral index confronting them with the cosmological
observational data.
A. Slow-roll parameters and inflationary observables
The exploration of any inflationary scenario is essentially based on the values of related observables such as scalar
spectral index of the curvature perturbations ns, its running αs ≡ dns/d lnk, k being the absolute value of the wave
number ~k, the tensor spectral index nT and the tensor-to-tensor ratio r. The determination of the value of the
observables detailed perturbation analysis and the we propose to scape from these complicated procedure by making
use of the Einstein frame, where all the inflationary informations are driven by the so-called effective scalar potential
V (φ). To do so its commode to define the slow-roll parameters ǫ, η and ξ in terms of this potential and its derivatives
as [133, 134]
ǫ ≡ M
2
p
2
(
1
V
dV
dφ
)2
, η ≡ M
2
p
V
d2V
dφ2
, ξ2 ≡ M
4
p
V 2
dV
dφ
d3V
dφ3
(72)
Also it has been shown in [4] that the inflation ends when ǫ = 1. The approximated expressions for the observables
are presented in [134]
r ≈ 16ǫ , ns ≈ 1− 6ǫ+ 2η , α ≈ 16ǫη − 24ǫ2 − 2ξ2 , nT ≈ −2ǫ (73)
Since we are dealing with a modified gravity, its obvious that the conformal transformation to the Einstein frame
is not possible and one cannot define a scalar potential nor the potential slow-roll parameters. To do so, one can
introduce the Hubble slow-roll parameters ǫn as
ǫn+1 ≡ d ln |ǫn|
dN
, (74)
where the initial value of this parameter is ǫ0 ≡ Hini/H and the parameter N known as the e-folding number is
defined as N ≡ ln (a/aini), aini being the scale factor at the beginning of the inflation and Hini the corresponding
Hubble parameter. Hence one can express the first three ǫ as
ǫ1 = − H˙
H2
, ǫ2 =
H¨
HH˙
− 2H˙
H2
, ǫ3 =
(
HH¨ − 2H˙2
)
−1

HH˙
...
H − H¨
(
H˙2 +HH¨
)
HH˙
− 2H˙
H2
(
HH¨ − 2H˙2
) , (75)
9such a way that the inflationary-related observables can now be written as
r ≈ 16ǫ1 , ns ≈ 1− 2ǫ1 − 2ǫ2 , αs ≈ −2ǫ1ǫ2 − ǫ− 2ǫ3 , nT ≈ −2ǫ1 (76)
According to (61) and (62), one gets
ǫ1 =
1
q
=
1− 3σ
σ
, ǫ2 = 0 , ǫ3 =
1
q
=
1− 3σ
σ
, (77)
yielding
r ≈ 16(1− 3σ)
σ
, ns ≈ 7σ − 2
σ
, αs ≈ 0 , nT ≈ 2(3σ − 1)
σ
(78)
B. Obtaining inflationary unimodular f(G) model according to the Planck results
According to the Planck results [135] one has 0.962 ≤ ns ≤ 0.974, leading to 52631 ≤ q ≤ 76.923. Thus, fixing
q = 60 that is σ = 0.331, one gets ns ≈ 0.966, r ≈ 0.266, αs = 0 and nT = 0.033, consistent with the Planck
results. Now, still in agreement with the Planck results we will determine the constants appearing in (71) in order
to obtain the f(G) model that describes the inflation. We also note that according to the Planck results [? ] one
has 66.9km/s/Mpc ≤ H0 ≤ 68.7km/s/Mpc and fix it to H0 = 67.8km/s/Mpc and the well known relation between
the current values of the cosmic time and the Hubble pointing out the age of the universe, i.e, t0 ≈ 2/3H0, one gets
t0 = 9.832× 10−3Mpc.s/km. Using the (62) and A0 = 1, one gets τ0 = 5.43× 10−5Mpc.s/km. Using ρ0 = 3H20 and
assuming that at this stage of inflation only the radiation is the dominated constituent of the universe (rigorously
just after the inflation) i.e, w = 1/3, one gets
f(G) = 1.186
√
G− 1.074× 10−779G47.285 − 2.858× 10205G−11.571 +G (79)
where we fix for simplicity K1 = K2 = 1 and K3 = 0.
VII. SUPERBOUNCE AND LOOP QUANTUM EKPYROTIC COSMOLOGY FROM UNIMODULAR
f(G) GRAVITY
In this section we propose to reconstruct the unimodular f(G) model able to realize the superbounce and loop
quantum ekpyrotic cosmology.
A. Ekpyrotic scenario reconstruction from unimodular f(G) gravity
The task here is to find f(G) model in the unimodular context which, in the large cosmic time limit, corresponds
to the late-time era of the ekpyrotic scenario. We assume the well-known gravitational action as in [136, 137]
S =
∫
d4x
√−g
[
R
2κ2
+ f(G)
]
. (80)
By making use of the auxiliary scalar field φ the previous action becomes
S =
∫
d4x
√−g
[
R
2κ2
− V (φ)− ξ(φ)G
]
(81)
The variation of the action (80) with respect to φ yields
V ′(φ) + ξ′(φ)G = 0, (82)
whose solution, if it exists, will be a functional dependence of G, i.e φ = φ(G) and now substituting it into (80) lead
to
f(G) = −V (φ(G)) − ξ(φ(G))G, (83)
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and it is obvious that if we find φ(G), the algebraic f(G) will be obtained straightforwardly.
24A12H3ξ′ − 24A12 (H2H′ + 4H4) ξ + 3A6H2 + V + ξG = 0 (84)
−8A12H2ξ′′ − (16A12HH′ + 88A12H3) ξ′ + 24A12 (H2H′ + 4H4) ξ −A6 (2H′ + 9H2)− V − ξG = 0. (85)
By combining the above equations through a straight summation one gets the following equation
−8A12H2ξ′′ − 16A12 (HH′ + 4H3) ξ′ − 2A6 (H′ + 3H2) = 0. (86)
Since we are searching for ekpyrotic model we have to take large cosmic time limit of the scale factor assumed as
A(t) = A
v/2
0 t
v, corresponding, in the unimodular context, to
A(t(τ)) = A¯τ l, l =
v
3v + 1
, A¯ =
[
(3v + 1)
√
A0
]l
(87)
According to the previous expression of the scale factor in the unimodular context, the equation (86) takes the
following form
ξ′′ + γ1(τ)ξ
′ + γ2(τ) = 0, (88)
with
γ1(τ) = 8A¯lτ
l−1 + 2(l − 1)τ−1 , and γ2(τ) = 3
4
A¯−6τ−6l +
1
4l
A¯−7(l − 1)τ−7l (89)
From which, according to the large cosmic time, lead to the following expression of ξ(τ) and V (τ), as
ξ(τ) = Γ1τ
2(1−3l) , V (τ) = Γ2τ
−2(1−3l) (90)
with
Γ1 =
(1− 3l)6l−1
l(1− 2l)A¯3l , and Γ2 = 24
l2(4l − 1)(1− 3l)2(3l−2)
1− 2l (91)
Making use of (48) and (87), one can express τ in terms of G as
τ = Γ3G
1
4(3l−1) , (92)
where
Γ3 =
[
24A¯l3(4l− 1)] 14(1−3l) (93)
Now injecting the expression (92) of τ into (90), one obtains
ξ(G) = Γ1Γ
2(1−3l)
3 G
−1/2 , and V (G) = Γ2Γ
2(3l−1)
3 G
1/2, (94)
such that, from (83), the algebraic f(G) ekpyrotic model reads
f(G) = −Γ1Γ2(1−3l)3 G−1/2 − Γ2Γ2(3l−1)3 G3/2 (95)
B. Superbounce Reconstruction from unimodular f(G) Gravity
In this case the scale factor is given by [138]
A(t) ∝ (t∗ − t)2/c
2
(96)
where t∗ denotes the big crunch time, and c a parameter constrained to c >
√
6 [138]. In the context of unimodular
gravity, one gets
A(t(τ)) ∝ (τ∗ − τ)
2
6+c2 (97)
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In this case, for simplicity and for large cosmic time t, i.e near the bounce, the τ dependent functions ξ(τ) and V (τ)
behave as
ξ(τ) ∝ (τ∗ − τ)
2c2
6+c2 , V (τ) = (τ∗ − τ)
−2
6+c2 (98)
On the other hand, from (97) and (48), one expresses τ in terms of G as
τ(G) = G−
6+c2
4c2 , (99)
such that the algebraic f(G) model near the bounce reads
f(G) = Z1G−1/2 + Z1G3/2 (100)
where Z1 and Z2 are integration constants depending on the parameter c.
VIII. CONCLUSION
In this paper we explored a type of modified GR theory, namely f(G) theory of gravity in the unimodular context,
where G denotes the GB invariant. In such a theory an important condition is applied to the metric tensor constraining
its determinant to a number or a specific function. Here we work fixing it to 1 and considered both appropriated BI
and FRW universes. In a first step the task is to reconstruct the unimodular f(G) models considering de Sitter and
power-law solutions for the scale factors. The resulting models are different from the standard f(G) model (without
considering unimodular formalism). In the second step we focus our attention to the model provided by the power-law
solutions in the FRW universe and searched for the input constants that can constrain it to an inflationary model.
To do so, we proceed to the determination of the slow-roll parameters and the corresponding observational indices
from the unimodular f(G) field equations, that appear as function of the input parameters. According to the recent
Planck results we calculate accordingly the input parameters, obtaining an unimodular f(G) inflationary model.
On the other hand we investigate, still in the unimodular f(G context, the superbounce and the loop quantum
cosmology ekpyrotic paradigms. As it is well known, bouncing solutions can be an alternative to inflation and thus
it appears interesting to search for related f(G) model. To do so, we considered well known standard cosmic time
depending scale factors able to lead to the bouncing cosmology in a case and the ekpyrotic cosmology in other. The
correspondent scale factors in the unimodular context have been determined, namely in term of the auxiliary time τ .
Through the unimodular formalis and the related field equations, the bouncing and ekpyrotic f(G) models have been
reconstructed.
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comments an suggestions.
[1] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003) doi:10.1103/RevModPhys.75.559 [astro-ph/0207347].
[2] S. Nojiri, S. D. Odintsov, and V. K. Oikonomou, DOI: 10.1088/1475-7516/2016/05/046, arXiv:1512.07223v2 [gr-qc].
[3] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003).
[4] Kazuharu Bamba, Sergei D. Odintsov, and Emmanuel N. Saridakis, arXiv:1605.02461 [gr-qc].
[5] J. L. Anderson and D. Finkelstein, Am. J. Phys. 39 (1971) 901. doi:10.1119/1.1986321
[6] W. Buchmuller and N. Dragon, Phys. Lett. B 207 (1988) 292. doi:10.1016/0370-2693(88)90577-1
[7] M. Henneaux and C. Teitelboim, Phys. Lett. B 222 (1989) 195. doi:10.1016/0370-2693(89)91251-3
[8] W. G. Unruh, Phys. Rev. D 40 (1989) 1048. doi:10.1103/PhysRevD.40.1048
[9] Y. J. Ng and H. van Dam, J. Math. Phys. 32 (1991) 1337. doi:10.1063/1.529283
[10] D. R. Finkelstein, A. A. Galiautdinov and J. E. Baugh, J. Math. Phys. 42 (2001) 340 doi:10.1063/1.1328077 [gr-qc/
0009099].
[11] E. Alvarez, JHEP 0503 (2005) 002 doi:10.1088/1126-6708/2005/03/002 [hep-th/0501146].
[12] E. Alvarez, D. Blas, J. Garriga and E. Verdaguer, Nucl. Phys. B 756 (2006) 148 doi:10.1016/j.nuclphysb.2006.08.003
[hep-th/0606019].
[13] A. H. Abbassi and A. M. Abbassi, Class. Quant. Grav. 25 (2008) 175018 doi:10.1088/0264-9381/25/17/175018 [arXiv:
0706.0451 [gr-qc]].
[14] G. F. R. Ellis, H. van Elst, J. Murugan and J. P. Uzan, Class. Quant. Grav. 28 (2011) 225007 doi:10.1088/0264-
9381/28/22/225007 [arXiv:1008.1196 [gr-qc]].
[15] P. Jain, Mod. Phys. Lett. A 27 (2012) 1250201 doi:10.1142/S021773231250201X [arXiv:1209.2314 [astro-ph.CO]].
12
[16] N. K. Singh, Mod. Phys. Lett. A 28 (2013) 1350130 doi:10.1142/S0217732313501307 [arXiv:1205.5151 [astro-ph.CO]].
[17] J. Kluson, Phys. Rev. D 91 (2015) 6, 064058 doi:10.1103/PhysRevD.91.064058 [arXiv:1409.8014 [hep-th]].
[18] A. Padilla and I. D. Saltas, Eur. Phys. J. C 75 (2015) 11, 561 doi:10.1140/epjc/s10052-015-3767-0 [arXiv:1409.3573
[gr-qc]].
[19] C. Barcelo, R. Carballo-Rubio and L. J. Garay, Phys. Rev. D 89 (2014) 12, 124019 doi:10.1103/PhysRevD.89.124019
[arXiv:1401.2941 [gr-qc]].
[20] C. Barcelo, R. Carballo-Rubio and L. J. Garay, arXiv:1406.7713 [gr-qc].
[21] D. J. Burger, G. F. R. Ellis, J. Murugan and A. Weltman, arXiv:1511.08517 [hep-th].
[22] E. Alvarez, S. Gonzalez-Martn, M. Herrero-Valea and C. P.Martn, JHEP 1508 (2015) 078 doi:10.1007/JHEP08(2015)078
[arXiv:1505.01995 [hep-th]].
[23] P. Jain, A. Jaiswal, P. Karmakar, G. Kashyap and N. K. Singh, JCAP 1211 (2012) 003 doi:10.1088/1475-
7516/2012/11/003 [arXiv:1109.0169 [astro-ph.CO]].
[24] P. Jain, P. Karmakar, S. Mitra, S. Panda and N. K. Singh, JCAP 1205 (2012) 020 doi:10.1088/1475-7516/2012/05/020
[arXiv:1108.1856 [gr-qc]].
[25] I. Cho and N. K. Singh, Class. Quant. Grav. 32 (2015) 13, 135020 doi:10.1088/0264-9381/32/13/135020 [arXiv:1412.6205
[gr-qc]].
[26] A. Basak, O. Fabre and S. Shankaranarayanan, arXiv:1511.01805 [gr-qc].
[27] C. Gao, R. H. Brandenberger, Y. Cai and P. Chen, JCAP 1409 (2014) 021 doi:10.1088/1475-7516/2014/09/021 [arXiv:
1405.1644 [gr-qc]].
[28] A. Eichhorn, JHEP 1504 (2015) 096 doi:10.1007/JHEP04(2015)096 [arXiv:1501.05848 [gr-qc]].
[29] I. D. Saltas, Phys. Rev. D 90, no. 12, 124052 (2014) doi:10.1103/PhysRevD.90.124052 [arXiv:1410.6163 [hep-th]].
[30] S. Nojiri, S. D. Odintsov, Phys.Rept. 50559-144 (2011). D. Bazeia, B. Carneiro da Cunha, R. Menezes, A.Yu. Petrov.
Phys.Lett.B 649 445-453,2007
[31] H. A. Buchdahl, Mon. Not. Roy. Astron. Soc., 150, 1 (1970).
[32] A. A. Starobinsky, Phys. Lett. B 91, 99 (1980).
[33] S. Capozziello, V.F. Cardone, A. Troisi, JCAP 0608, 001 (2006); S. Capozziello, V.F. Cardone, A. Troisi, Mon. Not.
Roy. Astron. Soc. 375 1423 (2007);C. Frgerio Martins and P. Salucci, Mon. Not. Roy. Astron. Soc. 381, 1103 (2007);
G. Cognola, et al., Phys. Rev. D 77, 046009 (2008); E. Elizalde, S. Nojiri, S. D. Odintsov, L. Sebastiani and S. Zerbini,
arXiv:1012.2280.
[34] M.J.S. Houndjo, Int.J.Mod.Phys. D 21 (2012) 1250003, arXiv:1107.3887 [astro-ph.CO]; Mubasher Jamil, D. Momeni,
Muhammad Raza, and Ratbay Myrzakulov, Eur.Phys.J. C 72 (2012) 1999, arXiv:1107.5807 [physics.gen-ph]
[35] M.J.S. Houndjo, Oliver F. Piattella, Int.J.Mod.Phys. D 21 (2012) 1250024, arXiv:1111.4275 [gr-qc]; Muhammad Sharif,
Muhammad Zubair, J.Phys.Soc.Jap. 81 (2012) 114005, arXiv:1301.2251 [gr-qc]; M.J.S. Houndjo, C.E.M. Batista, J.P.
Campos, O.F. Piattella, Can.J.Phys. 91 (2013) 548-553, arXiv:1203.6084 [gr-qc].
[36] F.G. Alvarenga, M.J.S. Houndjo, A.V. Monwanou, Jean B.Chabi Orou, J.Mod.Phys. 4 (2013) 130-139, arXiv:1205.4678
[gr-qc]; M.J.S. Houndjo, F.G. Alvarenga, Manuel E. Rodrigues, Deborah F. Jardim, Eur.Phys.J.Plus 129 (2014) 171,
arXiv:1207.1646 [gr-qc]; F.G. Alvarenga, A. de la Cruz-Dombriz, M.J.S. Houndjo, M.E. Rodrigues, D. Saez-Gomez,
Phys.Rev. D 87 (2013) no.10, 103526, Erratum: Phys.Rev. D 87 (2013) 12, 129905, arXiv:1302.1866 [gr-qc].
[37] E.H. Baffou, A.V. Kpadonou, M.E. Rodrigues, M.J.S. Houndjo and J. Tossa, Astrophys.Space Sci. 356 (2015) no.1,
173-180 , arXiv:1312.7311 [gr-qc] ; E.H. Baffou, M.J.S. Houndjo, M.E. Rodrigues, A.V. Kpadonou, J. Tossa, Chin.J.Phys.
55 (2017) 467, arXiv:1509.06997 [gr-qc];
[38] S. Nojiri, S. D. Odintsov, A. Toporensky, P. Tretyakov, arXiv:0912.2488; K. Bamba, S. D. Odintsov, L. Sebas-
tiani, S. Zerbini, arXiv:0911.4390; Shuang-Yong Zhou, Edmund J. Copeland, Paul M. Saffin JCAP 0907 (2009)
009.arXiv:0903.4610 [gr-qc]. D. Bazeia, R. Menezes, A. Yu. Petrov, Eur.Phys.J.C 58 171-177,2008; D. Bazeia, A. Lobao,
L. Losano, R. Menezes, A. Yu. Petrov. Phys. Rev. D 92, 064010 (2015) arXiv:1502.02564 [hep-th].
[39] K. Bamba, C.-Q. Geng, S. Nojiri, S. D. Odintsov, arXiv:0909.4397; G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov, S.
Zerbini, Eur.Phys.J.C 64 483-494,2009;
[40] S. Capozziello, E. Elizalde, S. Nojiri, S. D. Odintsov,Phys.Lett.B 671 193-198,2009; K. Bamba, S. Nojiri, S. D. Odintsov,
JCAP 0810 045,2008;
[41] S. Nojiri, S. D. Odintsov, P. V. Tretyakov,Phys.Lett.B 651 224-231,2007; G. Cognola, E. Elizalde, S. Nojiri, S. D.
Odintsov, S. Zerbini, Phys.Rev.D 75 086002,2007;
[42] S. Nojiri, S. D. Odintsov,J.Phys.Conf.Ser. 66 012005,2007; S.H. Hendi , D. Momeni , Eur.Phys.J. C 71 (2011) 1823 ,
arXiv:1201.0061 ;
[43] M. Jamil, F.M. Mahomed , D. Momeni ,Phys.Lett. B 702 (2011) 315-319 , arXiv:1105.2610 ; M.E. Rodrigues, M.J.S.
Houndjo, D. Momeni, R. Myrzakulov, arXiv:1212.4488; D. Momeni, H. Gholizade,Int.J.Mod.Phys. D 18 (2009) 1719-1729
,arXiv:0903.0067 ;
[44] D. Momeni , M. Jamil , R. Myrzakulov , M. Raza, Eur.Phys.J. C 72 (2012) 1999 , arXiv:1107.5807 ; M. Jamil , D.
Momeni, R. Myrzakulov ,Chin.Phys.Lett. 29 (2012) 109801 ;arXiv:1209.2916. S. Nojiri,
[45] S. D. Odintsov, M. Sami,Phys.Rev.D 74 046004,2006; S. Nojiri, S.D. Odintsov,ECONF C 0602061 06,2006;
Int.J.Geom.Meth.Mod.Phys. 4 115-146,2007;
[46] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov, S. Zerbini,Phys.Rev.D 73 084007,2006; S. Nojiri, S. D. Odintsov,
Phys.Lett.B 631 1-6,2005;
[47] S. Nojiri, S. D. Odintsov, M. Sasaki,Phys.Rev.D 71 123509,2005; S. Nojiri, S. D. Odintsov,Gen.Rel.Grav. 37 1419-
1425,2005;
13
[48] S. Nojiri, S. D. Odintsov, S. Ogushi,Int.J.Mod.Phys.A 17 4809-4870,2002; J. E. Lidsey, S. Nojiri, S. D. Odintsov, JHEP
0206 026,2002;
[49] R. Myrzakulov, D. S.-Gmez, A. Tureanu, Gen.Rel.Grav. 43 1671-1684,2011; E. Elizalde, R. Myrzakulov, V. V. Obukhov,
D. S.-Gmez,Class.Quant.Grav. 27 095007,2010;
[50] M. Cvetic, S. Nojiri, S.D. Odintsov, Nucl.Phys.B 628 295-330,2002. K. Bamba, M. Jamil, D. Momeni and R. Myrzakulov;
arXiv: 1202.6114
[51] M. Jamil, D. Momeni and R. Myrzakulov, Eur. Phys. J. C 72, 1959 (2012), arXiv: 1202.4926 M. Jamil, D. Momeni, M.
A. Rashid, Eur. Phys. J. C 71, 1711 (2011), arXiv: 1107.1558
[52] A. Azadi, D. Momeni , M. Nouri-Zonoz,Phys.Lett. B 670 (2008) 210-214 , arXiv:0810.4673; M. J. S. Houndjo, M. E.
Rodrigues, D. Momeni and R. Myrzakulov, Canadian Journal of Physics, 92: 1528-1540 (2014), arXiv:1301.4642 [gr-qc].
[53] P. A. R. Ade et al. [Planck Collaboration], arXiv:1502.02114 [astro-ph.CO].
[54] P. A. R. Ade et al. [Planck Collaboration], Astron. Astrophys. 571 (2014) A22 doi:10.1051/0004-6361/201321569 [arXiv:
1303.5082 [astro-ph.CO]].
[55] M. Novello and S. E. P. Bergliaffa? Phys. Rept. 463 127 (2008), [arXiv:0802.1634].
[56] R. H. Brandenberger, V. F. Mukhanov and A. Sornborger, Phys. Rev. D 48, 1629 (1993), [arXiv:gr-qc/9303001].
[57] M. Koehn, J. L. Lehners and B. A. Ovrut, Phys. Rev. D 90, 025005 (2014) [arXiv:1310.7577].
[58] Y. F. Cai, D. A. Easson and R. Brandenberger, JCAP 1208, 020 (2012) [arXiv:1206.2382].
[59] J. Khoury, B. A. Ovrut and J. Stokes, JHEP 1208, 015 (2012) [arXiv:1203.4562].
[60] T. Biswas, A. S. Koshelev, A. Mazumdar and S. Y. Vernov, JCAP 1208, 024 (2012) [arXiv:1206.6374].
[61] J. L. Lehners, Phys. Rept. 465, 223 (2008) [arXiv:0806.1245].
[62] T. Qiu, X. Gao and E. N. Saridakis, Phys. Rev. D 88 4, 043525 (2013) [arXiv:1303.2372].
[63] Y. F. Cai, J. Quintin, E. N. Saridakis and E. Wilson-Ewing, JCAP 1407 033 (2014) [arXiv:1404.4364].
[64] J. Khoury, B. A. Ovrut, N. Seiberg, P. J. Steinhardt and N. Turok, Phys. Rev. D 65 086007 (2002) [arXiv:hep-th/0108187].
[65] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D 66 046005 (2002) [arXiv:hep-th/0109050].
[66] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D 64, 123522 (2001), [arXiv:hep-th/0103239].
[67] J. K. Erickson, D. H. Wesley, P. J. Steinhardt and N. Turok, Phys. Rev. D 69 063514 (2004) [arXiv:hep-th/0312009].
[68] J. L. Lehners and P. J. Steinhardt, Phys. Rev. D 87 12, 123533 (2013) [arXiv:1304.3122].
[69] G. Veneziano, Phys. Lett. B 265 287 (1991).
[70] R. Brustein and R. Madden, Phys. Rev. D 57 712 (1998), [arXiv:hep-th/9708046].
[71] A. Kehagias and E. Kiritsis, JHEP 9911 022 (1999), [arXiv:hep-th/9910174].
[72] Y. Shtanov and V. Sahni, Phys. Lett. B 557, 1 (2003), [arXiv:gr-qc/0208047].
[73] E. N. Saridakis, Nucl. Phys. B 808 224 (2009), [arXiv:0710.5269].
[74] P. Creminelli and L. Senatore, JCAP 0711 010 (2007) [arXiv:hep-th/0702165].
[75] Y. -F. Cai and E. N. Saridakis, Class. Quant. Grav. 28 035010 (2011), [arXiv:1007.3204].
[76] R. Brandenberger, Phys. Rev. D 80, 043516 (2009), [arXiv:0904.2835].
[77] Y. F. Cai and E. N. Saridakis, JCAP 0910 020 (2009), [arXiv:0906.1789].
[78] J. Martin and P. Peter, Phys. Rev. D 68 103517 (2003), [arXiv:hep-th/0307077].
[79] E. N. Saridakis and S. V. Sushkov, Phys. Rev. D 81, 083510 (2010). [arXiv:1002.3478].
[80] Y. F. Cai, C. Gao and E. N. Saridakis, JCAP 1210 (2012) 048 [arXiv:1207.3786].
[81] M. Bojowald,Phys. Rev. Lett. 86 5227 (2001) [arXiv:gr-qc/0102069].
[82] A. Ashtekar, Nuovo Cim. B 122 135 (2007) [arXiv:gr-qc/0702030].
[83] A. Ashtekar and P. Singh, Class. Quant. Grav. 28, 213001 (2011) [arXiv:1108.0893].
[84] M. Bojowald, Class. Quant. Grav. 26 075020 (2009) [arXiv:0811.4129].
[85] T. Cailleteau, A. Barrau, J. Grain and F. Vidotto, Phys. Rev. D 86 087301 (2012) [arXiv:1206.6736].
[86] J. Haro and J. Amoros, JCAP 12 031 (2014) [arXiv:1406.0369].
[87] J. de Haro and J. Amoros, JCAP 1408 025 (2014) [arXiv:1403.6396].
[88] J. Amoros, J. de Haro and S. D. Odintsov, Phys. Rev. D 89 10, 104010 (2014) [arXiv:1402.3071].
[89] Y. F. Cai and E. Wilson-Ewing, JCAP 1403 026 (2014) [arXiv:1402.3009].
[90] E. Wilson-Ewing, JCAP 1303 026 (2013) [arXiv:1211.6269].
[91] Y. Cai,Y. T. Wang and Y. S. Piao, [arXiv:1501.01730].
[92] Y. T Wang and Y. S. Piao, Phys. Lett. B 741 55 (2014) [arXiv:1409.7153].
[93] T. Saidov, A. Zhuk, Phys. Rev. D 81 124002 (2010) [arXiv:1002.4138].
[94] M. Novello and S. E. P. Bergliaffa, Phys. Rept. 463 127 (2008), [arXiv:0802.1634].
[95] R. H. Brandenberger, V. F. Mukhanov and A. Sornborger, Phys. Rev. D 48 1629 (1993), [arXiv:gr-qc/9303001].
[96] M. Koehn, J. L. Lehners and B. A. Ovrut, Phys. Rev. D 90 025005 (2014) [arXiv:1310.7577].
[97] Y. F. Cai, D. A. Easson and R. Brandenberger, JCAP 1208 020 (2012) [arXiv:1206.2382].
[98] S.D. Odintsov, V.K. Oikonomou and Emmanuel N. Saridakis, Annals Phys. 363 (2015) 141-163, arXiv:1501.06591 [gr-qc]
[99] Claudia de Rham, Living Rev. Rel. 17 7 (2014) [arXiv:1401.4173].
[100] S. Nojiri, S.D. Odintsov, V.K. Oikonomou. arXiv:1705.11098.
[101] D. G. Boulware and S. Deser, Phys. Rev. Lett. 55 2656 (1985).
[102] A. Jawad, S. Chattopadhyay and A. Pasqua, Eur. Phys. J. Plus 128 88 (2013).
[103] G. Cognola, E. Elizalde, S. Nojiri, S. Odintsov and S. Zerbini, Phys. Rev. D 75 (2007) 086002 [arXiv:hep-th/0611198].
[104] K. Bamba, Z. K. Guo and N. Ohta, Prog. Theor. Phys. 118, 879 (2007) [arXiv:0707.4334].
[105] K. Bamba, S. D. Odintsov, L. Sebastiani and S. Zerbini, Eur. Phys. J. C 67, 295 (2010) [arXiv:0911.4390].
14
[106] E. V. Linder, Phys. Rev. D 81, 127301 (2010) [arXiv:1005.3039]. W. El Hanafy, G.G.L. Nashed, arXiv:1707.01802 [gr-qc].
[107] S. H. Chen, J. B. Dent, S. Dutta and E. N. Saridakis, Phys. Rev. D 83, 023508 (2011) [arXiv:1008.1250].
[108] J. B. Dent, S. Dutta and E. N. Saridakis, JCAP 1101, 009 (2011) [arXiv:1010.2215].
[109] K. Bamba, C. Q. Geng, C. C. Lee and L. W. Luo, JCAP 1101, 021 (2011) [arXiv:1011.0508].
[110] Y. Zhang, H. Li, Y. Gong, Z. -H. Zhu, JCAP 1107, 015 (2011) [arXiv:1103.0719].
[111] M. Sharif, S. Rani, Mod. Phys. Lett. A 26, 1657 (2011) [arXiv:1105.6228].
[112] S. Capozziello, V. F. Cardone, H. Farajollahi and A. Ravanpak, Cosmography in f(T)-gravity, Phys. Rev. D 84, 043527
(2011) [arXiv:1108.2789].
[113] C. -Q. Geng, C. -C. Lee, E. N. Saridakis, Y. -P. Wu, Phys. Lett. B 704, 384 (2011) [arXiv:1109.1092].
[114] C. G. Bohmer, T. Harko and F. S. N. Lobo, Phys. Rev. D 85, 044033 (2012) [arXiv:1110.5756].
[115] P. A. Gonzalez, E. N. Saridakis and Y. Vasquez, JHEP 1207, 053 (2012) [arXiv:1110.4024].
[116] K. Karami and A. Abdolmaleki, JCAP 1204, 007 (2012) [arXiv:1201.2511].
[117] K. Bamba, R. Myrzakulov, S. Nojiri and S. D. Odintsov, Phys. Rev. D 85, 104036 (2012) [arXiv:1202.4057].
[118] L. Iorio and E. N. Saridakis, [arXiv:1203.5781].
[119] M. E. Rodrigues, M. J. S. Houndjo, D. Saez-Gomez and F. Rahaman, Phys. Rev. D 86, 104059 (2012) [arXiv:1209.4859].
[120] S. Capozziello, P. A. Gonzalez, E. N. Saridakis and Y. Vasquez, JHEP 1302 (2013) 039 [arXiv:1210.1098].
[121] S. Chattopadhyay and A. Pasqua, Astrophys. Space Sci. 344, 269 (2013) [arXiv:1211.2707].
[122] K. Izumi and Y. C. Ong, JCAP 1306, 029 (2013) [arXiv:1212.5774].
[123] J. T. Li, C. C. Lee and C. Q. Geng, Eur. Phys. J. C 73, 2315 (2013) [arXiv:1302.2688].
[124] Y. C. Ong, K. Izumi, J. M. Nester and P. Chen, Phys. Rev. D 88 (2013) 2, 024019 [arXiv:1303.0993].
[125] G. Otalora, JCAP 1307, 044 (2013) [arXiv:1305.0474].
[126] G. G. L. Nashed, Rev. D 88 10, 104034 (2013) [arXiv:1311.3131].
[127] G. Kofinas and E. N. Saridakis, Phys. Rev. D 90, 8, 084044 (2014) [arXiv:1404.2249].
[128] T. Harko, F. S. N. Lobo, G. Otalora and E. N. Saridakis, Phys. Rev. D 89, 124036 (2014) [arXiv:1404.6212].
[129] W. E. Hanafy and G. L. Nashed, [arXiv:1410.2467].
[130] E. L. B. Junior, M. E. Rodrigues, I. G. Salako and M. J. S. Houndjo, [arXiv:1501.00621].
[131] M. L. Ruggiero and N. Radicella, [arXiv:1501.02198].
[132] S. Nojiri, S. D. Odintsov and V. K. Oikonomou, arXiv:1601.04112 [gr-qc]; D. Saez-Gomez, arXiv:1602.04771 [gr-qc].
[133] J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. J. Copeland, T. Barreiro and M. Abney, Rev. Mod. Phys. 69, 373 (1997); D.
H. Lyth and A. Riotto, Phys. Rept. 314, 1 (1999); D. S. Gorbunov and V. A. Rubakov, Introduction to the theory of the
early universe: Cosmological pertur- bations and inflationary theory (Hackensack, USA:World Scientific, 2011).
[134] J. Martin, C. Ringeval and V. Vennin, Phys. Dark Univ. 75 5-6, (2014).
[135] P. A. R. Ade et al. [Planck Collaboration], arXiv:1502.01589 [astro-ph.CO]; P. A. R. Ade et al. [Planck Collaboration],
arXiv:1502.02114 [astro-ph.CO].
[136] K. Bamba, Z. K. Guo and N. Ohta, Prog. Theor. Phys. 118, 879 (2007) [arXiv:0707.4334].
[137] K. Bamba, S. D. Odintsov, L. Sebastiani and S. Zerbini, Eur. Phys. J. C 67, 295 (2010) [arXiv:0911.4390].
[138] M. Koehn, J. L. Lehners and B. A. Ovrut, Phys. Rev. D 90, 025005 (2014) [arXiv:1310.7577].
